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t— i ' Abstract. Let E C R , d > 2 be an unbounded domain that is either open or closed. If it is 

closed we assume that the boundary is locally the boundary of an extension domain. We present 
^ conservativeness criteria for (possibly reflected) diffusions with state space E and generator L, 

^ ' which in the interior of E is given in the following suggestive form 

& '. 

!n : 

,__,. Here the diffusion matrix (a>ij) is allowed to be non-symmetric, is merely assumed to consist 

OC of measurable functions, and satisfies locally a strict ellipticity condition. B = (B\, ...,Bd) is 

a divergence free vector field that satisfies some sector condition. Our main tool is a recently 

extended forward and backward martingale decomposition, which reduces to the well-known 

Lyons-Zheng decomposition in the symmetric case. 
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q ■ 1 Introduction 

o: 

Conservativeness criteria for diffusion operators with smooth coefficients are well-known to 
exist. For instance, there is Feller's and Hasminskii's test for explosions (see |6J). However, 
S^ these tests can not be applied to diffusions with non-regular coefficients. The aim of this 

work is to develop conservativeness criteria for a general class of such kind of diffusions 
that may also have an additional reflection term. 

Let E C M. d , d > 2 be an unbounded domain that is either open or closed. In this article we 
derive general conservativeness criteria for divergence form operators. These divergence 
form operators (with or without boundary conditions) may be written informally as 



£ 



i d 

L f=oH d i(<nAf), (i) 



2 



where A = {dij)i<i,j<d, is a matrix of locally integrable functions Oy : E — > R with 
symmetric part a>ij := \(dij + ciji) and anti-symmetric part a,if= \{flij — dji)- 
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Our techniques apply to diffusion matrices A with fairly general symmetric part, and non- 

v 
symmetric part that can be written as <%= hj + c^-, where bij = —bji is locally bounded, 

Cij = —Cji, and djCij G Lf oc . To illustrate the last let us make the simplifying assumption 

that everything is regular enough and that boundary terms disappear. Then, for smooth 

functions f,g, through integration by parts we get 

- Lfgdx = -V / (% + bij)difdjg dx - - V / V d^ dj g dx. 
Je 1 y Je 2 t J E y . J 

In particular, B = (B\, ..., B^), where 5, := Y2 j &j c ij has weak divergence zero w.r.t. dx. 
Indeed (under the simplifying assumption) we can check 

- / (B, V/) dx = - / y~] djCij difdx= V] dj + V] Qj dijfdx = 0, 

^^ 7s i,j Je \i>j i<j J 

since c^- = — Cjj. Summarizing, the main point is that 

■■ f Lfgdx = S A (f,g)- f (B,Vf)gdx =: S A > B (f, g), (2) 

Je Je 

so that divergence form operators as in ([T|) may be well studied as perturbations £ A ' B 
of non-symmetric Dirichlet forms £ A with divergence free vector fields B. In fact, our 
viewpoint is to analyze the non-symmetric bilinear form S A ' B with general divergence 
free vector fields B, not necessarily related to A. Studying the bilinear form has the 
advantage that the assumptions on A, B, as specified in the section [2] below, can be fairly 
weak. Although it lacks symmetry, another fortunate feature of S A ' B is, that its co-form 



£ A *'- B (f,g):=£ A *(f,g)+ [ (B,Vf)gdx, 

Je 



where £ A *(f,g) := £ A (g,f), and A* = (a>ji)i<i,j<d denotes the transposed matrix, has 
the same structural properties as £ A,B . This is the main replacement tool for the missing 
symmetry and will be used to obtain locally the Lyons-Zheng decomposition for £ A ' B , 
hence also for £ ~ B (cf. further below). 

In order to keep the technical subtleties low, in this article we restrict our attention to 
sectorial B (cf. condition (P4) in section [2] below). In this case £ A,B as well as its co-form 
are non-symmetric (sectorial) Dirichlet forms. However, it is also possible to consider the 
so far most general bilinear form approach where £ A,B as well as its co-form are merely 
generalized Dirichlet forms (but see Remark 12. 2p . 

In order to obtain conservativeness criteria for ([T]) or more generally for non-symmetric 
bilinear forms as in ()2]) we adapt the probabilistic method that has been developed in 
[Hj. Our main technical tool is the non-sectorial Lyons-Zheng decomposition which has 
been recently extended in the framework of generalized Dirichlet forms (see [18], and ([3]) 
below) . 



Let us briefly describe our method, the organization of the paper, and some main results: 
In section [2] we develop the framework. We state the exact conditions on the domain E, 
and the coefficients given by the diffusion matrix A = {ciij)i<i,j<d, and the vector field B. 
In section |3] we make use of a one-point compactification procedure which is made possible 
by the help of the local Poincare inequality. More precisely, for any open and bounded 
subset U of E with positive measure we can consider the part forms of £ A,B and of its 
co-form on U. Since both forms have the same structural properties, e.g. satisfy the (local) 
Poincare inequality on U, both can be made simultaneously conservative on the one-point 
compactification of U w.r.t. to some cemetery A (see Proposition 13.21 and Remark 13.31) . 
Consequently, the corresponding conservative diffusion processes admit both a Lyons- 
Zheng decomposition as in fl3]) below. One of the authors in [TJ] used the Lyons-Zheng 
decomposition for the reflected diffusion process on U. We'd like to emphasize that a one- 
point compactification procedure is an easier way to construct a conservative diffusion 
process for non-symmetric Dirichlet forms. The local Poincare inequality nearly always 
holds. In particular it holds if the boundary of E is locally Lipschitz (see Remark 13. l( ii)). 
In section H] we adapt the martingale method developed in [TJ] to the non-symmetric 
case. For this we need to find a nice function p that is positive, continuous, locally in the 
domain of £ A,B , and satisfies lim x _>A p(x) = oo where A is the cemetery of the diffusion 
associated to 8 A,B . Then, we apply locally on the one-point compactification of the open 
sets U — Up — {x £ E : p(x) < r} the Lyons-Zheng decomposition for p and seek 
for growth conditions on the coefficients that imply non-explosion. The martingale parts, 
which also contain the symmetric part of drift, are handled as in [TJ]. The remaining anti- 
symmetric part of drift has to be treated separately. This is developed by introducing the 
conditions (S1)-(S3) in section HI 

In section we present examples. We illustrate the first one which is without reflection. 
If E = R d , A = (aij)i<i t j<d, and A, B satisfy the conditions (P1)-(P4) of section [2] with 



for all i,j, and 



d j a ij eL} oc (R d ,dx), 



1 / d v d \ 

15 := B + 2 ( S d i ai i> -' J2 d ^ 

*A,B 



then the diffusion associated to £ ' (and hence the corresponding generator) is conser- 
vative if there exists a constant M > such that for a.e. x G M. d 



{ 4^rz$ + </%)>*> + < M (M 2 + 1) (MM 2 + !) + !)• 

\x\ z + 1 

This growth condition may be best compared to [121 Proposition 1.10] where a similar re- 
sult is obtained by a completely different method in the framework of generalized Dirichlet 
forms. The "quantitative" difference is that we only remain in the framework of sectorial 
forms and do not consider densities to the Lebesgue measure in this article. However, 



we can allow for more general, merely measurable coefficients, and may even allow for 
an unbounded set of singular points of (3, i.e. points around which /3 is unbounded (cf. 
condition (SI) in section HI Remark 15. 11 and ( fT6l) in section [5]). 

Subsequently, examples corresponding to variable oblique reflection in a wedge and in the 
3-dimensional upper half-space are studied. For the details we refer to section [5] 

2 Framework 

Let £ be a locally compact separable metric space, and m (the reference measure) be a 
a- finite measure on E. 

For a non-symmetric Dirichlet form (£,J-) on L 2 (E,m) (see J5], J7J) and f,g G J 7 define 
its symmetric part by 

S(f,g):=^(S(f,g) + S(gJ)), 



its anti-symmetric part by 



and its co-form by 



hf,g)'-=\Mf,g)-£(s,f)), 



£(f,g):=£(f,g)-kf,g)- 



Suppose that £ as well as its co-form £ are associated to a conservative diffusion. Then 
(see [18]) the (extended) Lyons-Zheng decomposition holds for any u G J 7 : 

u(X t )-u(X ) = \M^-\{M^\r T )-M^_ t {r T )) 

+I{JVM-#M}; 0<t<T, P m -a.e. (3) 

Here r^ is the time reversal operator, Mf 1 (resp. M t ) is the MAF of finite energy, and 
Nf 1 (resp. iV t ) is the CAF of zero energy appearing in the Fukushima decomposition 
(see [IJJ Theorem 4.5]) corresponding to £ (resp. £). In fact, it has been shown in [IS] 
that (JSJ) holds in the framework of generalized Dirichlet forms, but in that case one has 
to be careful and to precise the range of functions for which ([3]) is valid (see [IS]). 

Remark 2.1 (i) If £ is symmetric then M^ = M^, and iV^ = JV^. T/ras decom- 
position (T3j) extends the well-known Lyons-Zheng decomposition for symmetric Dirichlet 
forms obtained in ^j to the non-sectorial case (for details we refer to IT8$). 
(ii) For a general viewpoint on decompositions of type (T3|) but with non-martingale part 
being of bounded variation, as well as to some related stochastic calculus, we refer to [77]/ . 



If 

Fioc '■= {/ : E — y R | \/G G E,G relatively compact open, 3g G T with f = g m-a.e. on G}, 

then ([3]) extends to w G J-/ oc by arguments which are similar to those used in the symmetric 
case (cf. [16J). 

2.1 Non-symmetric Dirichlet forms 

(a) Strongly local forms without first order perturbation 

Let E C R d , d > 2, with interior E° ^ 0, boundary dE, and E := E° U <9A. We al- 
ways assume that A is connected. Let dx denote the Lebesgue measure on R d . Assume 
either (O) or (C): 

(O) E be open in R d and D := Cq(A), i.e. D is the set of continuously differentiable 
functions with compact suppport in E. 

(C) E is closed in R d , dx(dE) = 0, and D := {/ : A -)> R : 3m G Cft(R d ) with u = 
/ on A}. 



Let A = (dij)i<i,j<d, where Oy : A — >■ R with symmetric part a^- := §(ojj + a/i) and 

anti-symmetric part 0^:= |(ay — dji). Denote by | • | = (■,■)* the euclidean norm on 
M. d . By abuse of notation, we also use | • | for the absolute value in R, i.e. in case d = 1 
Consider the following assumptions on a^: 

(PO) aij G Lj 0C (E,dx), 1 < i,j < d. 

(PI) For any compact set A C E, there is a positive constant 8{K) such that 

J2 aiM,>8(K) |£| 2 

da>a.e. on AT V£ = (&, ...,&) G R d . 

(P2) There is a constant M such that for any compact set K C E we have 

I Oij I < 5(A)M 
Gfe-a.e. on A, 1 < z,j < A 



Then under either assumption (O) or (C) the bilinear form 

£ A (f, 9) ■= ~ Y\ I a v d *f d ^ dx > f>9 ED W 

i,J=i jE 

is closable in L 2 (E,dx). In fact this follows from [5] in case of (O), and in case of (C) 

the arguments are similar to those used in [8] (cf. e.g. [T7J Lemma 1.1]). 

Let (•, •) be the inner product in L 2 (E,dx), and £ A (f,g) := £ A (f,g) +a(f,g), f,g E D, 

a > 0. Denote the closure of D w.r.t. || • || := £ A (-, -) 5 by D(£ A ). 

For the anti-symmetric part we obtain by assumptions (PI), (P2) 

\S A (f,g)\ < Mdy/S^f,f)y/S^g), f,geD 

Therefore £ A satisfies the strong sector condition 

\€ A (f,g)\<M(l + d)y/S A (f,f)y/€^g), f,geD 

and can uniquely be extended outside the diagonal to D(£ A ). In particular (£ A ,D(£ A )) 
is a non-symmetric regular Dirichlet form. 

Let A* := (%i) i<ij<d De the transposed matrix of A. Of course, A satisfies (PO), (PI), 
(P2), iff A* does. Thus (£ A *,D) is also closable in L 2 (E,dx). The closure (£ A \ D(£ A *)), 
is just the co- form of (£ A , D(£ A )). Of course it is also a regular non-symmetric Dirichlet 
form that satisfies the strong sector condition. We have 

D(£ A ) = D{£ A '). 

(b) Strongly local forms perturbed by divergence free vector fields 

We keep the notions and assumptions of (a). Let B : E — > M. d be a locally integrable 
vector field with the following property 

(P3) For all u G D we have 

Je 

Let (£ A , D(£ A )) be the Dirichlet form of (a). Since closability depends only on the sym- 
metric part we obtain under assumption (P3) that 



£ A ' B (u, v) := £ A (u, v) - l (B, Vu)vdx; u,v G D 

Je 

is also closable in L 2 (E,dx). Suppose that B is additionally sectorial in the sense that 
there is a positive constant C such that 



(P4) For all u G D we have 



{B, Vu)vdx 



<C^£ A (u,u)^/£ A (v,v). 



Note that on the right hand side there is the term £ A (u,u) and not £f(u,u). This leads 
to a strong sector condition in u and a weak sector condition in v, and vice versa. In 
particular, by (P4) the statement of Proposition 14.21 below follows easily and holds also 
for the dual process. 

Under (P4) the closure (£ A ' B ,J-') of (£ A,B ,D) in L 2 (E,dx) is a non-symmetric regular 
Dirichlet form. In particular J 7 = D(£ A ), 

£ A ' B (u,u) = £ A {u,u)=£ A > B {u,u) = £ A {u,u) = £ A {u,u), VueJ, (5) 

and we have a "strong/weak" sector condition 



£ 



A,B 



(u,v)\ < (M(l + d) + C) ^£ A (u,u)^£ A (v,v), Vu,v e 7. 



(6) 



Remark 2.2 Condition (P4) is a restrictive assumption. It can be removed in the frame- 
work of generalized Dirichlet forms. However, in what follows we will make use of quite 
many concepts which very likely hold, but still are not developed in the theory of gen- 
eralized Dirichlet forms. For instance the concept of the part (and part process) of a 
generalized Dirichlet form is not developed. Therefore we remain in the sectorial frame- 
work and assume (P4). Roughly, one can say that generalized Dirichlet form theory allows 
B = (B 1 , ..., B d ), with Bi e Lf oc (E, dx) (see e.g. IW/ , [T7\l , whereas the sectorial framework 
only allows Bi e Lf oc (E,dx), 1 < i < d (see Example \2.3\) . 

Example 2.3 Let d > 3, E = R d , K n := {\x\ < n}, and B = (B 1 ,...,B d ), B { G 
Lf oc (M. d , dx), 1 < i < d with the property that for any i there exists a constant d > such 
that for any n > 1 



min{||.B?|| 0Oi j tn , ||5i|| d) ^ n } < Ci8(K n 



(7) 



where S(K n ) is the constant appearing in (PI), and ||-Bf ||oo,ir„ denotes the essential sup- 
norm of Bf on K n , and \\B i \\ ( ] it x n denotes the L d -norm of B t on K n . 
Let u, v G CQ(M d ), and let n be such that K n D K® D suppiu) U suppiy). Let C s be the 
Sobolev constant in M. d . Then 



Bidiu v dx 



< max {y/Ci,C a -Ci} ^£ A (u,u)^£ A (v,v). 



Indeed if \\Bf\\ 0O)Kn < \\Bi\\ dtKn , then by (0), Cauchy-Schwarz, and (PI) 



Bjdjuvdx 



< 



< 



CiS(K n )(diu) 2 dx\ / v 2 dx 



Kn 



^Cly/S^U^yJs^v). 



If \\Bf\\oo % K n > ||-Bi||d,K"„ then similarly, applying additionally Holder's inequality with 
-± + -1^ = 1, we get 



BjdjU v dx 



If Blv^dx-^==JEH^) 

< \\Bi\\ d ,K n \\v\\ p * >K o ^^ ^£ A {u ) u). 
\fo(K n ) 



By Sobolev's inequality and (PI) 

IMIn* K° < C s WVv II o K° < C s — \/£ A (v,v). 

II \\p,K n - ,|| \\2,K n - s ^jQV ^ ' > 

Thus applying |?p we obtain (P4). 

3 One-point compactification and local Poincare in- 
equality 

Let U C M. d be an arbitrary relatively compact open set with dx(E D U) > 0. Let 

D v ■= C]{U n £) in case of (O), 

and 

Du :={f:E n Z7 -► R : 3u e Cft(tf) with u = / on £ n C/} in case of (C). 

/ G Djj has compact support in E fl C7 and one may extend / to E by letting / = 
on £" fl £7 C . With this trivial extension we obviously obtain Djj C I?. Since (£ A ' B ,D) is 
closable in L 2 (E, dx), we then have that (£ A ' S , A/) is closable in L 2 (.E D U, dx). Denote 
the closure by (£ A ' B , J~v)- We assume that the Poincare inequality holds for (£ A ' B , J-u), i- e - 

(LP) There is a constant c > 0, depending only on the dimension d, and U, such that for 
all u G -Dt/ we have 

f u 2 dx < c8 A ' B (u, u) (= c£ A (u, u)) . 
JunE 

(LP) is an abbreviation for local Poincare inequality. 

Remark 3.1 (i) The reason for assuming (LP) is twofold. First, it allows to construct 
a conservative diffusion on the one-point compactification of E C\U, whose dual is also a 
conservative diffusion (see Proposition \3.S\) . We can hence locally apply the decomposition 

8 



|3j) by choosing appropriate open sets U = U£ and let r — > oo (see section^). The second 
reason is that we avoid technical difficulties which occur when one considers the reflected 
diffusion on the closure of E C\U. For the diffusion on the one-point compactification of 
E nil, no additional boundary terms appear on d(E DU)\ BE. 

(ii) In case of (O), (LP) always holds. In case of (C) ; if E° fl U is a (bounded) ex- 
tension domain, then (PI) implies (LP). Indeed, suppose that (LP) does not hold. Then 
there exists a sequence (w n )nsN C Ty such that J UnE u 2 l dx = 1 and £ A (u n ,u n ) — > 
as n — > oo. Let G be a relatively compact open set with G D E fl U . Since Ty is in- 
cluded in H X {E® fl U), there exists (w n )neN C Hq(G) such that u n = u n on E C\U and 
sup n ||M n ||^i( G ) < oo. Since the embedding Hq(G) M- L 2 {G,dx) is compact, there exists 
a subsequence ('Ufe)fceN °f (w n )neN and u G L 2 {G,dx) such that f G (uk — u) 2 dx — > 0, in 
particular f EnU (uk — u) 2 dx —¥ 0. Note that (wfe)feeN ^ s an £ A -Cauchy sequence because 
£ A (u n ,u n ) — > 0, and thus u belongs to Ty and £ A (u,u) = 0. Hence u = by the tran- 
sience of (£ A ,Ty), which is contradictory to f EnU u 2 dx = 1. 



We adjoin an extra point A to E fl U and consider the one-point compactification as 
topology on (E fl U)-% := (E fl U) U {A}. Any function / on E fl U is considered as 
a function on (E fl U)-% by setting /(A) = 0. We extend dx to (E fl U)-% by setting 
dx{{ A}) := 0. Define 

Dy := {u = u + k : (E fl U)-% — > R; Wo G -De/? A; G IR is a constant}. 

By (LP) the representation of a function in Dj/ is unique, i.e. if Uq + k = u Q + k then 
m = w in L 2 ((En [/)a> dx). Tnus 



£ ' (w, u) := £ ,b (uq, Vq); u,v G D 



v 



is well-defined. 



Proposition 3.2 (£ ' ,Du) is closable in L 2 ((EnU)-^,dx). The closure (£ ' ,J-u) is a 
strongly local conservative non-symmetric regular Dirichlet form. The associated process 
can be decomposed as in |3|). (£ A ' B , Ty) is the part Dirichlet form on EnU of (£ A,B , T), 

A g 

as well as of ' (£ , Ty) . Moreover u G Ty, iff u = Uq + k for some uq G Ty and k € R. 



Remark 3.3 Since A* (resp. —B) satisfy the same assumptions as A (resp. B) the cor- 



responding statements of Proposition EH also hold for the Dirichlet forms (£ ' , T\ 



Uj 



(£ A *'~ B ,T), and(£ A *' E \T L 



A b 

Proof (of Proposition I3.2J) Let (u n := Mq + k n ) ne ^ C Djj be 8 ' -Cauchy such that 
u n — y in L 2 ((E fl £7) a, cfcc). Then by (LP) and definition of £ 

|< - <fdx < cE A > B (u% - u%, v% - v£) = c£ A ' B {u n - u m , u n - u m ). 

>unE 

Therefore («o)neN converges in L 2 (Er\U, dx) and is £ A,B -Cauchy. Since (w„) ne N converges 
to zero, (moWn mus t converge to a constant, say fcGl. Since £ A ' S is closable we obtain 

lim g A ' B (u n ,u n ) = lim S A ' B {v%,u%) = S A ' B {k,k) = 0. 

Thus (S A,B ,D V ) is closable in L 2 ((£ n U)s,dx). By ©, and flS), (£ A ' B ' ,D V ) satisfies 

a sector condition. Therefore (£ ' ,J-tj) is a coercive closed form. In particular (v n := 

^o + ln)neN C I?j/ is £ x ' -Cauchy, iff (wo)neN C Dy is £ x ' -Cauchy. Therefore the last 
statement of the Proposition follows. 

For any e > let tp e : R ->• [-£, 1 + e], <^ e G Cj(R), p e (t) = t, t E [0, 1], ^ G [0, 1], 
<p E (t) = 1 + e, t > 1 + 2e, y3 £ (£) = -£, t < -Is. Let u = v + I G ZV We have 

V9 e (w) = <p e (v + l)~ <p e {l) + <Pe(l) £ Du- 

^ £} 

The fact that {£ ' , J 7 ^) is a Dirichlet form can now be derived using [5j I. Proposition 4.10] 

□ 



4 Conservativeness criteria 

Let M = ((Xt)t>o, (Px)x£Eu{A}) be the diffusion associated to (£ A,B , J 7 ). In the following 
we want to find conservativeness criteria for M in the cases 



(AO) The conditions (O), (PO), (PI), (P2), (P3), (P4), (LP) hold and E C R d is 
open and unbounded, 

and 

(AC) The conditions (C), (PO), (PI), (P2), (P3), (P4), (LP) hold and E C R d is 
closed and unbounded. 

Suppose that (AO), or (AC) holds. 

Let (G a ) a >o be the resolvent of (£ A ' B , J 7 ), and (G a ) a> o be the co-resolvent. Just as in the 
symmetric case (see [21 Theorem 1.6.6]), a basic conservativeness criterium is given by: 



10 



Lemma 4.1 Suppose there is vq G L 2 (E,dx) n L l (E,dx), v o > dx-a.e, and (u n ) ne n C 
J 7 , < u n < 1, n G N, u n t 1 as n —¥ oo, suc/i that 



lim ^-"(un.GiUo) = 0. 

Then (£ A ' B , J 7 ) is conservative. 
Proof Since 

= lim £ ' B (u n , GiVq) = lim / (u n — Giu n )v dx = / (1 — Gil)v dx, 
we get Gil = 1 as desired. 



□ 



Proposition 4.2 (cf. J7[ Theorem 1.5.10] in case of strong sector condition) Suppose that 
the symmetric part (£ A ,J r ) of (£ A ' B ,J r ) is recurrent in the sense of [2]. Then (£ A ' B ,J r ) 
is conservative. 

Proof By [21 Theorem 1.6.3] there exists (u n ) ne ?q C J 7 , < u n < 1, n G N, u n t 1 as 
n — y oo, such that 

£ (u n ,u n ) — 7-0 as n — t- oo. 

Let f o be as in Lemma 14.11 Applying the sector condition (j6]) we get 
£ A > B (u n ,G lVo ) 



< (M (1 + rf) + G) y/SAiunujJEfidvo, G 1 



By (J5j) and recurrence the right hand side of the last expression tends to zero as n — > oo. 
Therefore the conservativeness of (£ A ' B , J 7 ) now follows from Lemma [4. II 

□ 

Lemma [~4~~T1 and Proposition 14 . 21 are quite simple. Criteria for recurrence, and non-recurrence 
can e.g. be found in [2], [7], [13] . 



Fix p G C(E) + PI J^oc such that lim^A p(^) = oo. For any r > let 

?7 r p := {x G -E : p(x) < r}. 

By Proposition 13.21 and Remark 13.31 on each {U^)-^ we have the Lyons-Zheng decomposi- 
tion w.r.t. PJn r , m r := dxpp, m r ({A}) = 0, for the conservative diffusion M associated 

to {£ ' ,T V p). 

Denote the part process of M (and If) on Up by M r = ((X ( 0,r )t>o, ( P x r )xev?u{A})- Let 



11 



T > 0. If X G U R , then 

C r := {sup {p(X t )-p(X ))>r} 

te[o,T] 

= {3t G [0, T] with p(X t0 ) = p(X ) + r and p(X t ) < p(X ) + r W < t }, 

and thus the event C r only depends on the behaviour of X t strictly before it hits the 
boundary dU R+r := {x G E : p(x) = i? + r} for the first time. Hence 

p x (C r ) = P°' R+r {C r ) = P* +r (C r ) for dx-a.e. x G U R , 
and in particular 

C r =\ sup (p(X t ) - p(X )) > r I (9) 

[te[o,T],t<r ii+r J 

whenever X G C/^ where r fi+r := inf{£ > : X t ^ t/^ +r }- We obtain 

*W (<?»•) = / P x (C r )dx= [ P* +r (C r )dx = P£+ r (C r ), 

M Ju R 

and thus 



P mR sup (p(X t ) - p(X )) = oo = lim P mfl (C r ) = lim P«+ r (C, 

tG[0,T] 



r— >oo 



< liminf P*+l sup (p(X t ) - p(X )) > r 



,-x mK+r \te[0,T],t<r fl+r 



The function (p — (i? + r)) A belongs to the part Dirichlet space on U R+r . Thus if we 
define pn +r : = ((p — (R + r)) A0) + (R+r), Pr+ t belongs to T v ^ and pR +r — P on U R 
Thus using in particular (jHJ), and (EJ) we obtain 



fl+r 



R+r- 



P£Zr[ SU P W)"^))>r < P*Zr( SU P J M * H ^7 



te[o,T],t<r fl+r ^ 4/ \te[o,T],t<r fl+r 



+P S^ ( . r „ ™P — 2 ^t ] M > ~ + P«:i sup -M?- t (r T ) > ~ 



S;,(.__sup 1{jvW_jvW}>I 



\te[0,T],t<r B+r ^y \<6[0,T],t<T fl+r 

+ P /,,+ '- ( sup -M\ p] >- I + P« +r I sup -(iVi Pl -iVj pl )>^ 
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The terms with martingale part can be handled as in [13], or see also [2J 5.7]. Thus for 
the martingale parts we need to show 

lim 3 • vol(U£, r ) ■ Erfc [ T = ) = 0, (10) 

V R+rJ \^%MP{R + r)-T) V ; 

where Erfc(x) := -J= f^° e~ x dx, and M p {r) := ess.sup{(AVp, Vp)(x) \x G U£}. It re- 
mains to find additional conditions that also ensure 

limP*:; r ( sup l -{N [ / ] -N [ A>[]=0. (11) 

In general, the anti-symmetric part of drift w.r.t. p, namely 

I {A* 1 -A* 1 }, 



has an absolutely continuous, and an non-absolutely continuous part. We assume it may 
be written as 



(f3,Vp){X s )ds+ / f(X s )dG s , 
Jo 

where (provided the Oy are regular enough) 

d / d \ 

(P,Vp) = J2 [ B i+oJ2 d i a v) d iP> 

i=i \ j=i J 

G = G 1 — G 2 is the difference of two PCAF's, and / some function. 
Therefore, in order to check (iTTj) . it is enough to verify 

lim P%+1 ( sup [\f3, Vp)(X s )ds > ~ ) = 0, 



(12) 



and 



lim P* + R l [ sup f f(X s )dG s > r -)= 0. 



(13) 



We refer below to ([121) as the absolutely continuous case, and to (TT3|) as the non- 
absolutely continuous case. 

(a) Absolutely continuous case 

Since (j3, Vp) may be singular (i.e. = +oo) in some points but still locally integrable 
in a neighborhood of such singular points we introduce the set Si nt , i.e. we suppose that 
there is a measurable set Si nt C E, with: 

13 



(SI) For any R > 

lim- / (/3,Vp) + -I 5 „»dx = 0. 



where (/3,Vp) + := (/?, Vp) • I{(/3,v P >>o}- 

On the complement of neighborhoods of singular points we assume 
(S2) There is a constant c\ such that (a.e.) for any r > 

(AVp)-I aA5int < Cl (H-r). 

Now under (S2), if < T < ^, and r is large, writing 1^ = I^ +r \5„ lt + I^ +r ns„ lt we 
get 

\te[o,T],t<T R+r Jo °J v iD/ 

= J££ (/ T (A Vp) + I^ +rn ^(X s )d S > ^ . 

For the estimate of the last term we use the Chebyshev-Markov inequality, and Fubini's 
Theorem: 



16/ - r mR+r 



p*tlr (l (P^ P )n UPR+rnSint (x s )ds > 

Vs ((A Vp) + l[/p +r ns int ) (x)dxds 



(/3,Vp)%P +r nS int (X s )ds 



16 

= — I (^^p) +I u p R+r ns mt (x)p s I {U P R+r) _dxds. 

Jo J(U R+r )^ 

By conservativeness of the co-process to M (see Remark I3.3I) we have f> s \u p )— 
l{u p )— an d the last term equals 



R+r'A 

16T 



r Ju p 

° R+r 



(P,Vp) + -l Sint (x)dx. 



Consequently, applying additionally (SI) we get for < T < ^-, 

limP*W sup [\{3,Vp)(X s )ds> r -) = 0. 
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Example 4.3 Let E = M?, a 12 = - a 2i = |x| 7 A 1, 7 > 0, and B = 0. Let p(x) = 
log(|x| + 2). Then (Si), (S2), (P2), are satisfied with e.g. S int = {x e M 2 : \x\ < 1}. 
Suppose that (a>ij)i<i,j<2 satisfies (PO), (PI). Then we are in the situation o/(AO), and 
employing the function p(x) (cf. fT^j , or |H 5. 7]), the associated process is conservative, 
if for a.e. x 

(A(x)x,x) 



1 1 9 
\Xr 



< const. (\x\ + 2) 2 log(|x| +2). 



(b) Non-absolutely continuous case 

Let /, G be as in (TT3|) . There are mainly three types of possibilities: 

v 
(i) G s corresponds to a local time on the boundary U^ +r fl dE. In this case, if A, dE, 

v 
are sufficiently regular and r\ denotes the inward normal, we have / = (Ar), Vp). 

(ii) G s corresponds to a reflection term inside U R+r , e.g. if (at least) one of the a^ has 
a jump discontinuity along some (d — l)-dimensional hyperspace in B p R+r . 

(hi) The distributional derivative \djdij is a smooth measure p.^ that is not absolutely 
continuous w.r.t. the Lebesgue measure. In this case / = 1 and 

d / d „i 

G < = E E / d ^P( X s)dH? 

where if'- 7 is a CAF uniquely related to //y. 

Denote by p G i the smooth measure associated to G\ by Vi(-) the corresponding 1 
potentials, and let g\ := / + , gi := /". Then, in any of the above cases (i)-(iii) 

P*Zr\ SU P f f{X s )dG s > 

\te[o,T],t<T R+r Jo 

<i: p *Zr([ T 9Mjxs)dGi>^) 



1=1 

„T 2 



j=i 



fl+r 

T 2 



Y] / gidncp. 

Thus similarly to (SI) we introduce 
(S3) For any R > 

lim - / f + dp G i + / f~dp G 2 = 0. 
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5 Applications and Examples 

Below we show through examples how to apply the conditions (S1)-(S3). The "optimal" 
result depends highly on the choice of the function p. In general the function p should be 
chosen case by case accordingly to the explicitly given coefficients. However, a straightfor- 
ward and unsophisticated application of (SI)- (S3) with a p of logarithmic type already 
leads to conservativeness results for a wide range of diffusions. 

(a) Example without reflection 

Assume (AO) with E = IR d . By Remark 13.11 (O) always implies (LP). Thus the main 
assumptions in (AO) are (P0)-(P4). In order to simplify things we assume that 

for all i,j, i.e. the antisymmetric part of drift is of bounded variation. 

We fix 

p(x) = log(|x| 2 + 1). 

Showing that ffTUl) follows if there is some constant Mi > such that for a.e. x 

( f ( ^f } < M^lxl 2 + 1) (log(|*| 2 + 1) + 1) , (14) 

Ju I ± 

we see that the symmetric part is conservative if (TT41) holds. 
Since 

v ' w = wn 

is locally bounded we can see that for the antisymmetric part of drift 



2 ( Z^ d j a ij' ■"■> Z^ dj a dj ] > 



{(3, Vp) is locally integrable. Clearly, if the set of singular points S int is bounded then 
(SI) trivially holds. 

Remark 5.1 We can even allow for an unbounded set of singular points. In this case we 
need to verify (Sl) ; i.e. we need to verify that for any R > 

i r (P(x),2xy 

'{M<v /efl+r - 2 } 



lim - / x ^. x /' — '— ■ la. t (x)dx = 0. 



B i; djOi 



Of course this result can also be refined regarding separately the singular points of each 

3 a ij ■ 
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On the complement of singular points we assume: There is a constant M2 > such that 
(P(x),x) < M 2 {\x\ 2 + 1) (log(|x| 2 + 1) + 1) (15) 

for a.e. x G M d \ S int . Using ffT5|) one can easily see that (S2) holds. 

Combining (JHJ) and ( TT5l) and assuming (for simplicity) that Si nt is a bounded set, we 
obtain: If there exists a constant M > such that for a.e. x G M d 



(A(x)x,x) 



\x\ 2 + 



p + (/?(*), *> + ■ I Rd \ Sm » < M(|x| 2 + 1) (log(|x| 2 + 1) + l) , (16) 



then the diffusion M = ((X t ) t > , (P x ) xeR d) associated to (£ A ' B , J 7 ) is conservative. 

(b) Oblique reflection 

I. Brownian motion with variable oblique reflection in a wedge: 

Let pi,P2 G (0,1), and p\ + p\ = 1. Let e r = (pi,P2), and q = (—pi,P2)- Define a 
wedge of angle 

4> = arccos(p2 — Pi) e (0) 7T ) 

by 

E = W^ := {z = (a;, y) eR 2 \z = ae r + be x \ a,b> 0}. 

Thus we are in the situation of (C). The wedge has two inward normal vectors one on 
the left hand side, and one on the right hand side 

T) r (z) = Tj r = (~P2,Pl), and 7]i(z) =7)1 = (p2,Pl)- 

Oblique reflection on the right hand side (resp. left hand side) of dW^ is determined by 
the angle between A{z)r\ r and e r (resp. the angle between A(z)r]i and e{). On the right 
hand side of the wedge the reflection angle is given by 

and on the left hand side it is given by 

1(^)^)1 



t (z) = arccos 



\Mz)vi\ 



The particular case 9(z) = | corresponds to normal reflection at the point z. Note that 

the reflection angle is variable. 

We will consider the Brownian motion case with variable oblique reflection, so 

Q'ij "i j ; % ) J '-•)*'• 
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Thus (PI) holds. Assume that we are given a vector field B := (Bx,B 2 ) that satisfies 

(P3), and (P4), and assume also that (PO), (P2) hold for a 12 . In order to obtain oblique 

reflected Brownian motion, we have to eliminate the absolutely continuous part of drift. 

v 
Thus we have to assume that a 12 is weakly differentiable and 

(3=(b 1 + ^d 2 a 12 , B 2 - ^d x y a 12 \ = 0. (19) 

Right below let us give an example where all our assumptions hold. 

Example 5.2 Define 

B 1 (x,y):=-f(y)f(k(x)+j(y)), 

and 

B 2 (x, y) : = k'(x)f (k(x) + j{y)) , 

where f,k,j G i^ ' c (IR) ; and B\, B 2 are supposed to be bounded. Then clearly B : = 
(B h B 2 ) satisfies (P4). If 

3 ( — -x ) = -f ( — x ) = k'{x) 
\ Pi ) \Pi J 

then one can readily check that (P3) holds. Let 

an (x,y) := g(k(x) + j(y)) , 

where g is bounded, weakly differentiable, and g' = f ■ Thus (PO), and (P2) hold. 
For the non-symmetric absolutely continuous part of drift, we can easily check / TiPj) . Ac- 
cording to p?P, ffify we get 



n < 1 ^{z) \ - a 12 (z) 

u r {z) = arccos — = , and t>i{z) = arccos 



\Jl+a 12 (z) 2 ) \\/l+a 12 (zy 



as variable reflection angles. In particular the corresponding diffusion is conservative by 
Remark \5.3\( ii) . 



Remark 5.3 (i) Variably oblique reflected Brownian motion has been considered under 
various aspects and by more probabilistic means in f^jj, FJ7|/. In the case of constantly 

oblique reflected Brownian motion we have a 12 = c for some constant c G M., 9 r (z) = 8 r , 
8i(z) = 9i, and 6i + 6 r = n. Constantly oblique reflected BM was studied intensively under 
various aspects in FTP]/ , \20$ . There, the main parameter is 

9i + 9 r -n 
a := ; . 
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Thus a\2= c corresponds to a = 0. Using the underlying Dirichlet form we can directly 
see that the origin is not reached since it has zero capacity. This is shown in [JVf for more 
general a < by probabilistic means. 

(ii) By ITS} Theorem 3} the process corresponding to a ±2 = 0, i.e. the 2-dimensional nor- 
mally reflected BM in W^, is recurrent (this is also proved in f2~Uf). Thus by Proposition 

v 



4-2 the variably oblique reflected BM (i.e. the process corresponding to general a 12 (z) 
satisfying / figj) above) is conservative. By this, we can also directly see that the Dirichlet 
form defined in /3 Theorem 6.2] is conservative if d = 2. 

(Hi) Applying condition (S3) we were not successful in showing conservativeness for the 
most general 2-dimensional oblique reflected BM that we can construct using the Dirichlet 
form method. In some sense condition (S3) is too strong (the Chebyshev- Markov inequal- 
ity that is used for the derivation of (S3) leads to a quite rough estimate) for certain drifts 
that are not absolutely continuous, and so we had to make a detour using recurrence and 

Proposition \4-2\ In dimension three and higher we are more flexible and it is easier to 

v 
verify (S3), i.e. it is easier to find a nice p such that (AT],'Vp) < for many different 

v 
choices of A (see the following example and in particular Example 15.5]) . In general the 

function p should be chosen individually and accordingly to the explicitly given coefficients. 

v 
However, assuming (Af],'Vp) + < f(r) on U{! we have 

P*tl[ sup j t {Ar ] ,Vp){X s )M s >r 



K te[o,T],t<T R+r Jo 

r-i 



V 



< P« + Z r / (AV, Vp} + (X s )I uP (X s )d£ s > r 



o 

T 



* ^ (I HJ*.*. * tc^o) 



So, one would rather need an estimate of 



P* +r ( £t > 



mR+r V ~ f(R + r) 

But again, it is not obvious to handle this term because of the appearance of rriR +r . A 
pointwise statement seems be easier to handle in this case. For instance, if we know that 
a PCAF Gt is finite P x -a.s. and if f( n +r ) -^ oo, then 



lim P, G T > — = P x (G T = oo) = 0. 

Pointwise statements can be considered by using Fukushima's decomposition, or by using 
the Lyons-Zheng decomposition w.r.t. P mR+r for the martingale parts, and w.r.t. P x for 
a.e. x G E for the drift parts. Thus the example shows that for non- absolutely continuous 
drifts, such as local times it might be reasonable to consider the method in a pointwise 
setting. 
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II. Variable oblique reflection in 3-dimensional upper half-space: 

We consider the upper half-space 

E = {(x 1 ,x 2 ,x 3 ) GM 3 |x 3 >0}. 

Thus we are in the situation of (C). Let A = {a>ij)i<i,j<d satisfy (PI), and a^ satisfying 
(P2). Let B = (B 1 , B 2 , B 3 ) be a vector field satisfying (P3), and (P4). We consider the 
Dirichlet form given by (jl]). The associated process, is a diffusion X t (up to its lifetime), 
and the reflection term appearing in Fukushima's decomposition for p is given by 

(^,V P )(X 



o 



where £ s is roughly speaking the local time on dE. In dimension three oblique reflection 
is most suitably determined by a vector field 

(F(x),e(x)) 

that assigns to each point x G dE a reflection direction F(x) G dE and a reflection angle 
9(x) G (0, |]. The particular case (F(x), 9(x)) = (0, |) corresponds to normal reflection at 
the point x. Reflection angle and direction are hence variable and are calculated as follows: 
Let ei = (1, 0, 0), ..., e 3 = (0, 0, 1) be the standard basis of M 3 . The interior normal of dE 
is e 3 . The reflection angle is given by 

^-9[A{x)r]{x),e 3 }, 

where 9[A(x)t](x) , 63] denotes the angle between A(x)rj(x) and the vector e 3 . Since 7](x) = 
e 3 we obtain 

9(x) = arcsin ( li^l^l ) = arcsin ( - 1 =) . (20) 

V |^(x)e 3 | J {y/auixy + aziixy + lj 

The reflection direction is given as the orthogonal projection of A(x)rj(x) on dE, thus 

F(x) = (A(x)e 3 , ei)ei + (A(x)e 3 , e 2 )e 2 = (a 13 (x), a 23 (x), 0). (21) 

If a { jE Hfo c (E), integration by parts shows that the absolutely continuous antisymmetric 
part of drift is given by 

(3 ■ V = I B 1 + - (d 2 a 12 +d 3 a 13 J , B 2 + - (d^ +d 3 a 23 J , B 3 + - (dia 31 +d 2 a 32 J J • V. 

In order to be concrete we fix 

p{x) = log(|x| 2 + 2). 
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By Remark 13. 1[ (LP) holds on each E D Up. As before we see that the symmetric part 
is conservative if (!T4"]) holds for a.e. x in E. We also come to the same conclusions for 
(3 as in Remark 15.11 and ( fl5l) . Thus conservativeness for the martingale and absolutely 
continuous parts of drift is guaranteed by ( TIB]) if the corresponding set of singular points 
Si n t is bounded. 
The antisymmetric reflection part is given by 



* v 



(Av,Vp)(X s )d£ s . (22) 

Note that the integral is well-defined since a^e H^ C (E) (as usual we denote the trace on 
dE also by a^). For the drift ( 1221) with the explicitly given p condition (S3) holds if 

i J <$Ml»(zMM\ dz = 

^°° r JdE \A + 2 {\z\<Ve R+r -V 

where z = (xi,x 2 )- The latter is for instance satisfied, if there is a constant M 3 > with 
((a 13 (z,0), a 23 (z,0)),z) + <M 3 f'(\og(\z\ 2 + 2)) (23) 

for a.e. z G M 2 , where / is some differentiable function with lim^oo /(t)t _1 = 0. 

As conclusion we have that if the set of singular points is bounded then (fT6l) and (T23l) 
lead to the conservativeness of the oblique reflected diffusion associated to (£ , J 7 ). If the 
set of singular points is unbounded, as before we have to verify the analogon of Remark 

As an example, (|23|) is satisfied if for dz-a.e. z outside some compact set we have 

a 13 (z,0)x 1 + a 23 (z,0)x 2 < 0, 
so for instance, if 

a 13 (z,0) = x 2 f(z), and a 23 (z,0) = -x 1 f{z), (24) 

for some function / G i^ ' c (M 2 ) with growth conditions given accordingly to (P2). 

Remark 5.4 (E$ corresponds to an antisymmetric reflection direction that is perpendic- 
ular to the radial direction. In order to obtain conservativeness results for more general 
antisymmetric reflection directions one has to choose p more carefully (see Example \5.5\ 
below). 

Finally, we apply our result to 

Brownian motion with variable oblique reflection, 
For this we first have to put 

a ij = Oijj 1>i 3 = t, /, O. 
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The absolutely continuous non-symmetric part of drift has to disappear, so j3 = is our 

v 
condition. One can compensate the absolutely continuous part of drift produced by A 

with the vector field 5 ^ as we did before in a two dimensional wedge to obtain the 

most general oblique reflection. However, let us proceed in a slightly less general, but 

V V V 

more simple way (cf. p], [3]). For this, we let B = 0, a 12 = 0, and a 13 , a 23 only depend on 
z = (xi,x 2 )- Thus a 13 , a 23 are constant in the variable x 3 . If 

<9iOi3 +<9 2 a 23 = 0, (25) 

then (3 = and we obtain BM with variable oblique reflection according to ( 1201) and ( |2Ti) . 

v 
In the next example we show how to derive conservativeness for a concrete choice of a 13 , 

a 23 , using condition (S3). 

Example 5.5 A concrete example satisfying l[25\) is e.g. given by 

O13 Oi,x 2 ,x 3 ) = -/' (^2)0(^1) +l(x 2 )), 

a 23 (x ± , x 2 , x 3 ) = k'(x 1 )g(k(x 1 ) + l(x 2 )), (26) 

where g G C£(R), and fc, I G C-^R) are positive, k',l' G C&(R), and k(t),l(t) — >■ oo as 
|£| —7- oo. Choosing 

p(xi,x 2 , x 3 ) = k(xi) + /(x 2 ) + m(x 3 ). 

TOi/i m G C 1 (1R) positive, m' G C&(R), and m(£) —¥ oo as |t| — > oo, we obtain 

(In, Vp> =a 13 ( 2 ,0)9 lP (z,0)+ a 23 (z,0)9 2 p(^,0) < 

Taen (S3) zs satisfied with /+ = (In , Vp) + = 0, G 1 = £, G 2 = 0. ffznce |Vp| 2 < const. # 
follows that M p (R + r) < const. Ifk(xi) +l(x 2 ) + m(x 3 ) > const. A/log(|x| e + 2) /or some 

e > 0, taen voKUfi, r ) < e^^ const ') . Thus choosing T small enough in fW\) conservative- 
ness also follows for the Brownian motion part. Therefore the diffusion corresponding to 
the Dirichlet form Op with 



( 1 a 13 \ 



.4 



«13 

V 



1 a 23 

\ v v 1 / 

\ - Oi3 - a 23 1 / 



V V 

where a 13 and a 23 are as in [2b}) is conservative. 
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